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Abstract
The induced Ramsey number IR(G;H) is de1ned as the smallest integer n, for which there
exists a graph F on n vertices such that any 2-colouring of its edges with red and blue leads
to either a red copy of G induced in F , or an induced blue H . In this note, we study the value
of the induced Ramsey numbers, as well as their planar and weak versions, for some special
classes of graphs. In particular, we show that, for the induced planar Ramsey numbers, the fact
whether we prohibit monochromatic copies induced in the graph, or induced just in its own
colour, may signi1cantly a6ect the value of the Ramsey number. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
The induced Ramsey number IR(G;H) equals n if there exists a graph F on n
vertices such that any 2-colouring of its edges with red and blue results in either a
red copy of G induced in F , or an induced blue H , and no graph with fewer than n
vertices has the above property. The existence of IR(G;H) for each pair of graphs G
and H was proved independently by Deuber [1], Erdo˝s et al. [2] and RBodl [7] but not
much is known about the behaviour of the induced Ramsey numbers and most of the
results are of asymptotic type (e.g. see [3–6]). Following Walker [9] and Steinberg and
Tovey [8], we consider a planar version of the induced Ramsey number, and determine
 The research of the 1rst author supported in part by KBN grant 2 P03A 019 17.
∗ Corresponding author. Fax: +48-81-273-64.
E-mail addresses: gorgol.wzipt@antenor.pol.lublin.pl (Izolda Gorgol), tomasz@amu.edu.pl (Tomasz  Luczak).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(01)00328 -4
88 Izolda Gorgol, Tomasz  Luczak / Discrete Mathematics 251 (2002) 87–96
its value for some pairs of graphs. In particular, we show that in the planar case, the
induced Ramsey number and its “weak” counterpart may substantially di6er from each
other.
2. Weak induced Ramsey numbers
Typically, the values of induced Ramsey numbers are very hard to 1nd. One of a
very few examples of pairs (G;H) for which IR(G;H) can be easily computed, consists
of a matching kK2 and a complete graph Kn.
Theorem 1. For arbitrary k¿ 1 and n¿ 2
IR(kK2; Kn) = kn:
Proof. Clearly, any 2-colouring of the edges of a graph kKn leads to either a red
induced kK2, or a blue Kn. Hence IR(kK2; Kn)6 kn.
To show the opposite inequality, let G be an arbitrary graph on kn− 1 vertices. We
use induction on k to prove that G can be 2-coloured with no red induced k-matching
and no blue Kn.
The assertion is obvious for k = 1. Thus, let k ¿ 1. We may assume that G contains
a clique Kn; otherwise, we colour all edges of G blue. Colour this clique red. A graph
induced by the remaining vertices ful1ls the inductive assumption; so it can be coloured
with no red induced (k − 1)-matching and no blue Kn. Now, colour red all edges of
G which have not been coloured so far.
Consider an arbitrary 2-colouring of edges of a graph F . It partitions graph F into
two monochromatic subgraphs: red Fr and blue Fb. If a graph G is induced in Fr ,
then we say that G is induced in red. Similarly, if G is induced in Fb, we say that
G is induced in blue. The weak induced Ramsey number IRw(G;H) is the smallest
integer n for which there exists a graph Fw on n vertices such that any 2-colouring of
its edges with red and blue leads to either a copy of G induced in red, or a copy of
H induced in blue.
The existence of a graph Fw is a consequence of the fact that if a given monochro-
matic copy of a graph is induced in the graph, then it is induced in its colour as well.
Hence, for any pair of graphs G and H ,
IRw(G;H)6 IR(G;H):
At 1rst sight, it seems that it is much easier to avoid a monochromatic copy of a
given graph induced as a subgraph than to avoid such a copy which is induced in
its colour, and so one may expect that in most cases the above inequality is sharp.
Nonetheless, for instance, the colouring presented in the proof of Theorem 1 contains
no kK2 induced in red, and no blue Kn, so IR(kK2; Kn) = IRw(kK2; Kn). However, it is
not hard to see that these two types of Ramsey numbers di6er even for small paths.
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Fig. 1.
Example. IR(P3; P4) = 7 while IRw(P3; P4) = 6.
Proof. Every 2-colouring of a graph F in Fig. 1 leads to either an induced red path
P3, or an induced blue path P4. It is also easy to show by a direct inspection of cases
that each graph on six vertices can be coloured with no induced red P3 and no induced
blue P4.
Similarly, every 2-colouring of a graph Fw in Fig. 1 gives either a path P3
induced in red, or a path P4 induced in blue. On the other hand, one can check that
each graph on 1ve vertices can be coloured with no P3 induced in red and no P4
induced in blue.
It is not known if there exists an in1nite family of graphs Hn, such that for some
graph G, the number IR(G;Hn) grows faster then IRw(G;Hn), i.e.
lim sup
n→∞
IR(G;Hn)
IRw(G;Hn)
¿ 1: (∗)
The example suggests that, perhaps, paths are good candidates for both G and Hn.
Unfortunately, the bounds for the induced Ramsey numbers given below are not tight
enough to imply (∗).
Theorem 2. Let n¿ 3. Then⌊
3n
2
⌋
6 IR(P3; Pn)6 2n− 1
and ⌊
4n
3
⌋
6 IRw(P3; Pn)6
⌈
5n
3
⌉
:
Proof. It is easy to see that every 2-colouring of a graph from Fig. 2 leads to either
an induced red path P3, or an induced blue path Pn. To show the other inequality,
consider an arbitrary graph on 3n=2 − 1 vertices. We may assume that it contains
an induced path P on n vertices; otherwise, we colour all edges blue. We colour a
maximal matching in P red and the remaining edges blue. Clearly, such a colouring
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Fig. 2.
Fig. 3.
contains no red P3. Note also that there are n=2 red edges and
3n=2 − 1 − 2n=2= n− 1 − n=2
vertices which belong to none of them. Thus, since each induced blue path con-
tains at most one vertex of a red edge, there are no such paths on more than n − 1
vertices.
In order to get bounds for IRw(P3; Pn) observe that any 2-colouring of the graph Fw
from Fig. 1 without P3 induced in red contains a path of length at least four, induced
in blue, joining the vertices of degree two. Hence every 2-colouring of the graphs from
Fig. 3 leads to either a path P3 induced in red, or to a path Pn induced in blue. To
show the lower bound, consider an arbitrary graph on 4n=3 − 1 vertices. We may
assume that it contains an induced path P on n vertices; otherwise, we colour all edges
blue. Then, as in the previous case, let us colour red, a maximal matching in P, and
leave the remaining edges blue. Again, in this way, we create no red P3. Moreover, P
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induces in the blue subgraph n=2 isolated blue edges. In order to use them to build
a blue path of length n, we need to use at least (n − 2)=3 other vertices, but there
are only n=3 − 1 vertices outside P.
3. Induced planar Ramsey numbers
The induced planar Ramsey number IPR(G;H) [the weak induced planar Ram-
sey number IPRw(G;H)] is de1ned in the same way as IR(G;H) [IRw(G;H)], but
in this case, we allow only 2-colourings for which the subgraph induced by the 1rst
(red) colour is planar. The planar Ramsey numbers were introduced independently by
Walker [9] and Steinberg and Tovey [8]. We shall 1nd the value of both the induced
and the weak induced planar Ramsey number for (2K2; Kn); it turns out that, unlike
in the non-planar case, IPR(2K2; Kn) is signi1cantly larger than IPRw(2K2; Kn) (cf.
Theorems 4 and 5 below).
Theorem 3. Any planar graph G on n + 5 vertices; where n¿ 1; contains either an
induced matching 2K2; or an independent set on n vertices.
Proof. Let G be a planar graph on n + 5 vertices, n¿ 1, which contains no induced
matching 2K2. If G is not connected, then at most one of its components, say G′,
contains an edge, and the remaining components are isolated vertices. Then, each in-
dependent set in G′ can be enlarged by adding to it isolated vertices; consequently, it
is enough to prove the existence of a large independent set in G′, i.e. we may and
shall assume that G is connected. Note also that each connected graph G on at least
six vertices with (G)6 2 contains an induced 2K2; therefore, we also assume that
(G)¿ 3. We split the argument into several cases.
Case 1 (G contains a vertex v of degree 3): Let V ′ =V (G) \ [{v}∪N (v)]. We may
assume that there exist two vertices x and y in V ′ which are joined by an edge e,
otherwise V ′ is independent. To avoid induced 2K2, every vertex from N (v) must be
adjacent to at least one of the endpoints of e.
Note that no two vertices from V ′′ =V ′ \ {x; y} are joined by an edge. Indeed, if
such an edge f exists, then each vertex from N (v) must be adjacent to at least one
of the endpoints of f. Thus, after contracting the edges e if into vertices e∗ if∗, we
obtain a graph K3;3 with V (K3;3) = {v; e∗; f∗} ∪ N (v), which contradicts the planarity
of G. Therefore, V ′′ ∪ {v} is independent.
Case 2 (G contains a vertex v of degree 4): Set V ′ =V (G) \ [{v} ∪ N (v)]. Note
that no two edges contained in V ′ are disjoint. Indeed, since G contains no induced
2K2, each edge of such a disjoint pair is joined to each of the neighbours of v. Hence,
one could contract them and obtain a copy of K3;4, which contradicts the assumption
that G is planar. Observe also that no three vertices of V ′ form a triangle. Indeed, if
there is such a triangle, each neighbour of v must be adjacent to at least two of its
vertices to avoid induced 2K2, which is impossible in the planar graph. Consequently,
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Fig. 4. Possible structures of graphs with d(v) = 5.
there is a vertex x in V ′ which belongs to each edge contained in V ′ and the set
V (G) \ [N (v) ∪ {x}] is independent.
Case 3 (G contains a vertex v of degree 5): Set V ′ =V (G) \ [{v} ∪ N (v)]. We
may assume that there are two vertices x and y in V ′ which are joined by an edge,
otherwise V ′ ∪ {v} is independent. As in the previous case, we may also assume that
no edge joins vertices from V ′′ =V ′ \ {x; y}. Furthermore, the planarity of G implies
that |N (x) ∩ N (y) ∩ N (v)|6 2. Fig. 4 shows all possible ways of joining x and y to
the neighbours of v.
Note that in the subcases 0A, 1A, and 2A the vertex x is of degree four. Indeed,
any vertex adjacent to x must be joined to all those vertices of N (v), which are not
neighbours of x. However, since G is planar, it is impossible. Thus, the subcases 0A,
1A, and 2A can be reduced to Case 2, which we have already considered.
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In order to deal with the subcases 1B and 2B, observe that there can be no edges
between y and V ′′, so d(y) = 3. Hence, the assertion follows from Case 1.
Now consider the subcases 0B, 0C, and 1C. In all of them, there are four vertices in
N (v), say a; b; c; d, which are adjacent to x and not adjacent to y, and there exists a
path joining x and v, which contains none of a; b; c, and d. Thus, no three vertices of
N (v) can lie at a cycle contained in V (G)\{v; x; y} — this would lead to a topological
copy of K5, which cannot appear in the planar graph G. This observation, together with
the assumption that G contains no induced 2K2, implies that at least two of vertices
a; b; c; d, say a and b, have no neighbours in V ′′ =V ′ \ {x; y}. If a and b are not
adjacent, then V ′′ ∪ {y} ∪ {a; b} is an independent set in G on n vertices. If a and b
are adjacent, then at least one of them must have degree either three or four, and the
assertion follows from the previous part of the proof.
Case 4 ((G)¿ 6 and G contains no vertices of degree 3; 4, or 5): Since G contains
no induced copies of 2K2, if we remove from G all the vertices of degree at least 6,
we obtain a graph which consists of isolated vertices and, maybe, one non-trivial path
with at most two edges. Hence, we can delete one more vertex from G to destroy all
the remaining edges. Thus, the assertion follows if G contains at most four vertices of
degree at least 6.
In order to complete the proof, we show that no connected planar graph G without
induced copy of 2K2 and without vertices of degree 3; 4, or 5, has m¿ 5 vertices
of degree at least 6. Note 1rst that if G contains no induced copy of 2K2, then the
graph obtained from G by removing each vertex of degree 2 and joining two of its
neighbours by an edge, contains no induced 2K2 either. Thus, we may assume that G
contains no vertices of degree 2. Now let i be the number of vertices of G, which are
adjacent to vertices of degree 1. Obviously, all these vertices must form a clique in
G, which, since G is connected, is joined to the rest of G by at least one edge. Let
us estimate from below the number of edges in the subgraph H induced in G by all
vertices of degree at least 6. The sum of degrees of m − i vertices of G which has
degree at least 6 in H is at least 6(m− i). Each pair of the remaining i vertices must
be connected by an edge and, furthermore, at least one of them has a neighbour of
degree at least 6; thus, the sum of their degrees in H is at least i(i − 1) + 1. Hence,
the number of edges of H is bounded from below by
3(m− i) + i(i − 1)=2 + 1=2 = 3m + i(i − 7)=2 + 1=2¿ 3m− 6;
which contradicts the assumption that G, and thus H , is planar.
From the above result, we deduce the following fact.
Theorem 4. For n¿ 2; we have
IPRw(2K2; Kn) =
{
2n; for n∈{2; 3; 4}
n + 5; for n¿ 5:
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Fig. 5. Planar graphs with independence number two without induced 2K2.
Proof. Since every planar 2-colouring of 2Kn; n∈{2; 3; 4}, leads to a red induced
2K2 or a blue Kn, so IPR(2K2; Kn)6 2n. Consider now an arbitrary graph G on 2n−
1 vertices. We can assume that G contains a clique Kn; otherwise, we colour all
the edges of G blue. Let us colour red this clique Kn and one edge coming from
each of its vertices, in such a way that no red copy of K5 is created. Then, there is
neither red induced 2K2 nor blue Kn in such a colouring, and for n6 4, the assertion
follows.
Consider now the case n¿ 5. Theorem 3 implies that any planar 2-colouring of the
graph Kn+5 produces 2K2 induced in red or a blue Kn, so IPRw(2K2; Kn)6 n + 5.
In order to show the opposite inequality, let G be a graph on n + 4 vertices. We
shall colour the edges of G red and blue in such a way that the red subgraph is planar
and contains no 2K2 induced in red and no copy of Kn is coloured blue. We consider
the following three cases.
Case 1 (n= 5): Let G be a graph on nine vertices. We may assume that it contains
a clique K on 1ve vertices; otherwise, we colour the whole graph blue. Note also that
the 2-colouring in which we colour red all but one edges of K is planar. Thus, we may
assume that for every edge e from K , there are three vertices x; y; z outside K such
that e together with x; y; z forms in G a copy of K5. However, only four vertices of G
do not belong to K , so there are four possible choices for the set {x; y; z}. Therefore,
since K has ten edges, at least one such triple {x; y; z} induces a complete graph on
1ve vertices with two di6erent pairs of vertices from K . This implies that G contains
a clique K6. If there are at least two cliques K6 in G, then they have at least three
vertices in common. Since the vertex x of the graph H in Fig. 5 is of degree 3, the
graph G contains a copy of H . We colour it red, the remaining edges blue and get the
required colouring. Consequently, we may assume that G contains exactly one clique
K ′ on six vertices.
Now suppose that some pair of vertices v; w of K ′ is contained in a clique on 1ve
vertices, which shares with K ′, precisely two vertices. Then, it is easy to see that K ′
contains at most one such pair, since otherwise, G would contain another clique on six
vertices. Thus, colour the edges of K ′ in such a way that red edges induce the graph
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F from Fig. 5 and the pair v; w, if it exists, is coloured red; 1nally, colour blue all
the remaining edges of G. Since there are no independent sets of size three in F , this
colouring contains neither red induced copy of 2K2, nor blue K5.
Case 2 (n= 6): Consider an arbitrary graph G on ten vertices. First, assume that G
contains at most two cliques K6 and let e be an edge which belongs to every such
clique K6. Now, it is enough to colour e red and colour blue all the remaining edges.
If G contains at least three di6erent cliques, then two of them have at least three
vertices in common. One can easily see that in such a case, the graph G contains a
copy of H from Fig. 5. We colour it red and the remaining edges blue. Since every
three vertices of H induce at least one edge, as in the previous case, we infer that the
above colouring contains neither red induced 2K2, nor blue K6.
Case 3 (n¿ 7): We may assume that G contains a clique K7; otherwise, we colour
all the edges of G blue. Let us colour the edges of K7 red in such a way that they
induce a graph H from Fig. 5; then we colour blue all the remaining edges of G.
Then, arguing as in the previous case, we infer that this colouring contains neither red
induced 2K2, nor blue Kn.
The value of induced planar Ramsey number IPR(2K2; Kn) is somewhat easier to
deal with.
Theorem 5. For n¿ 2; we have IPR(2K2; Kn) = 2n.
Proof. The upper bound for IPR(2K2; Kn) follows from Theorem 1. To show the op-
posite inequality, let us consider an arbitrary graph on 2n−1 vertices. We may assume
that it contains a clique K on n vertices, since otherwise, one can colour all edges of
G blue. Let M denote a maximal matching between vertices of K and the remaining
n− 1 vertices of G and let v be any vertex of K which is not saturated by M . Colour
red all edges from M and all edges incident to v, and colour blue the remaining edges
of G.
Clearly, this colouring is planar and, since each red edge has at least one end in
K , contains no induced red copy of 2K2. Furthermore, if we try to construct a blue
clique, we can choose at most one end from every edge from M , and then, because M
is maximal, either select all the remaining vertices from K , or pick only those vertices
which do not belong to K . But, outside K , there are only n− 1 vertices and the vertex
v from K is not contained in any non-trivial blue clique. Hence, the largest blue clique
in the above colouring has at most n− 1 vertices.
Thus, we arrive at the following corollary.
Corollary.
lim
n→∞
IPR(2K2; Kn)
IPRw(2K2; Kn)
= 2:
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